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We present the first ab initio calculation of a radiative transition of a hadronic resonance within quantum
chromodynamics (QCD). We compute the amplitude for ππ → πγ ⋆, as a function of the energy of the ππ
pair and the virtuality of the photon, in the kinematic regime where ππ couples strongly to the unstable ρ
resonance. This exploratory calculation is performed using a lattice discretization of QCD with quark
masses corresponding to mπ ≈ 400 MeV. We obtain a description of the energy dependence of the
transition amplitude, constrained at 48 kinematic points, that we can analytically continue to the ρ pole and
identify from its residue the ρ → πγ ⋆ form factor.
DOI: 10.1103/PhysRevLett.115.242001

PACS numbers: 12.38.Gc, 13.20.-v, 13.40.Gp, 13.60.Le

Introduction.—The electromagnetic transitions of the
nucleon into unstable resonant N ⋆ excitations are primary
tools in the experimental study of nucleon structure and
spectroscopy [1]. These processes give us insight into the
mechanisms that lead to the formation of the low-lying and
excited hadrons from the basic quark and gluon building
blocks of quantum chromodynamics (QCD). It is crucial to
have a complementary theoretical program that connects
physically observed transitions to QCD. One major challenge in studying these transitions is their resonant nature,
where the N ⋆ excitation decays rapidly to asymptotic
scattering states composed of two or more stable hadrons.
To investigate these processes within QCD, one needs a
nonperturbative framework that can accommodate resonant
behavior, and presently, lattice QCD is the only available tool
to evaluate such observables while making only controlled
approximations. Its implementation for the determination of
properties of hadron resonances is still at an exploratory
stage, and in this work we will extend the exploration into a
new area with the first calculation of a radiative production
amplitude of an unstable hadronic resonance from QCD.
Before attempting the more complicated baryonic case of
γ ⋆ N → N ⋆ → Nπ, we will consider a simpler problem
featuring only mesons, πγ ⋆ → ρ → ππ, which in addition
to serving as the first of a new class of observables to be
studied, is itself of significant phenomenological interest.
The amplitude for this process is related to the hadronic
contribution to the anomalous magnetic moment of the muon
[2,3], the chiral anomaly [4,5], and the ρ → πγ radiative
decay rate [6,7], and appears in meson-exchange models of
nuclear structure [8]. The ρ → πγ ⋆ transition has been
0031-9007=15=115(24)=242001(5)

previously studied using lattice methods (see, for example,
Refs. [9–11]), but prior to this work the ρ has always been
treated as a stable hadron, incapable of decay to ππ, in
contrast to how it appears in experiment. This approximation,
which is uncontrolled for light quark masses such as those
used in Refs. [10,11], is removed in the present work.
The perturbative nature of quantum electrodynamics
ensures that to an excellent approximation the ππ → πγ ⋆
amplitude can be obtained from matrix elements of the
electromagnetic current J μ ¼ 23 ūγ μ u − 13 d̄γ μ d,
Hμππ;πγ⋆ ¼ hout; π; Pπ jJ μx¼0 jin; ππ; Pππ ; l ¼ 1i;

ð1Þ

where the ππ state has been projected onto an l ¼ 1 partial
wave, and where Pππ and Pπ are the 4-momenta of the ππ
and π states, respectively. We will determine this amplitude
as a function of the c.m. frame energy of the pion pair E⋆ππ
and the virtuality of the photon Q2 ¼ −ðPπ − Pππ Þ2 by
evaluating correlation functions using lattice QCD.
Lattice QCD calculations are performed in a finite,
discretized Euclidean spacetime, and this introduces three
length scales into the theory: the lattice spacing a and the
spatial (L) and temporal (T) extents of the volume. For
studies of stable hadrons not featuring heavy quarks,
provided mπ T; mπ L ≫ 1 and a ≪ 1 fm, the typical length
scale associated with hadrons, these approximations introduce only small and controllable systematic errors.
The restriction to a finite volume in space prohibits the
definition of asymptotic states, making the relationship
between few-body observables obtained via lattice QCD
and the scattering amplitudes of infinite-volume QCD
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somewhat nontrivial. As has been extensively explored in
the literature, scattering amplitudes of two-body [12–19]
and three-body systems [20–23] can be determined from
the spectrum of eigenstates of QCD in a finite volume. Such
spectra can be obtained from two-point correlation functions within lattice QCD, and the energy dependence of
hadron scattering amplitudes can be inferred—by analytically continuing these amplitudes to complex values of the
scattering energy, poles can be found, with the pole
positions providing the mass and width of hadronic
resonances. For an example see the recent determination
of kaon resonant excitations in coupled-channel πK; ηK
scattering [24,25], and the ρ resonance for lighter quark
masses where ππ; K K̄ can be coupled [26].
The extension of the formalism to the case where an
external (e.g., electroweak) current causes a transition from a
single stable hadron to a pair of hadrons was presented by
Lellouch and Lüscher. They demonstrated that one can
constrain such an amplitude using hadronic matrix elements
of the currents evaluated in a finite volume [27]. Their work
focused on the implications of this formalism for K → ππ
decays, where ππ is in an S wave (see Refs. [28–32] for
numerical implementations), and this has been subsequently
extended to other systems of interest [15,16,18,33–37].
Recently, these ideas were extended to accommodate
more generic processes featuring an external current
[38,39], and in this work it was shown that the transition
amplitude, Hμππ;πγ⋆ , can be obtained from finite volume
matrix elements of the vector current,
jHμππ;πγ⋆ j
L3

sﬃﬃﬃﬃﬃﬃﬃﬃ
R
¼ jL hπ; Pπ ; Λπ jJ μx¼0 jππ; Pππ ; Λππ iL j;
2Eπ

ð2Þ

where R is the residue of the finite-volume two-hadron
propagator, which depends on the ππ 4-momentum, the
cubic irreducible representation (Λππ ), the lattice volume
(L × L × L), and the ππ elastic scattering amplitude. The
hadronic finite-volume eigenstates carry labels Λ, which
indicate in which irreducible representation, or “irrep”, of
the reduced rotational symmetry of the cubic lattice they
lie. We point the reader to Ref. [39] for a detailed derivation
and definition of R. Equation (2) is an approximation of the
result presented in Ref. [39]—we have ignored contributions due to mixing with higher partial waves, which are
both kinematically and dynamically suppressed in the
energy regime of interest. (In Ref. [40] it was demonstrated
that the l ≥ 3 ππ scattering phase shifts are consistent with
zero. This assures one that the only resonance present that
couples to the I ¼ 1 ππ channel in this kinematic regime is
the ρ meson and so the l ¼ 1 transition amplitude is the
dominant contribution).
Lattice QCD calculation.—We use an anisotropic
Symanzik improved gauge and Clover fermion actions with
N f ¼ 2 þ 1 dynamical fermions. The quark masses are
chosen so that mπ ∼ 400 MeV [41], and we use a spacetime
volume of ðL=as Þ3 × ðT=at Þ ¼ 203 × 128, where as and at
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are the spatial and temporal lattice spacings with as =at ¼
3.444ð6Þ and as ≈ 0.12 fm. In Ref. [42] it was demonstrated
that exponential corrections associated with the finite
volume of this lattice lead to subpercent corrections.
We construct three-point correlation functions using the
technology presented in Ref. [9]. We use variationally
½Λ 
½Λ 
optimized π and isospin-1 ππ operators Ωπ π and Ωππππ ,
respectively, that have been subduced to the desired irrep Λ
of the appropriate little group of the octahedral group [43].
These operators have been previously obtained in the
determination of the spectrum from two-point correlation
functions [40]. Inserting the vector current we have threepoint functions
½Λ 

½Λ †

h0jΩπ π ðΔt; Pπ ÞJ μ ðt; Pπ − Pππ ÞΩππππ ð0; Pππ Þj0i;

ð3Þ

and we will present results extracted from correlation
functions computed with Euclidean time separation
Δt ¼ 32at , excluding Wick contractions where the current
couples to a disconnected quark loop. (These exactly
vanish in the SUð3Þ flavor limit and are expected to be
suppressed for the quark masses used.) J μ is the tree level
improved Euclidean vector current [9], which is renormalized by insisting the π form factor be 1 at Q2 ¼ 0 GeV,
giving a multiplicative renormalization of ZV ¼ 0.833ð9Þ.
By inserting a complete set of finite volume QCD
eigenstates in Eq. (3), and evolving the operators to
the origin of Euclidean time, one can determine
μ
L hπ; Pπ ; Λπ jJ x¼0 jππ; Pππ ; Λππ iL from the time dependence
of the correlation function [9].
Consideration of various momenta P¼ð2π=LÞ½nx ;ny ;nz 
allowed by the periodic boundary conditions leads to
determination of the matrix element at 48 distinct kinematic
points. Eight different discrete E⋆ππ values feature, corresponding to the finite-volume eigenstates of ππ in various
irreps, and discrete values of photon virtuality in the range
−0.4 ≤ ðQ=GeVÞ2 ≤ 1 are sampled.
The transition amplitude and ρ → πγ ⋆ form factor.—
The ππ → ππ P-wave elastic scattering amplitude, expressed
via a phase shift δ1 ðE⋆ππ Þ was determined from the lattice
QCD finite-volume spectrum in Ref. [40]. With this in hand
we may evaluate R in Eq. (2) and determine the transition
amplitude from the finite-volume matrix elements.
The transition amplitude is a Lorentz vector, and it has a
kinematic decomposition
Hμππ;πγ⋆ ¼ ϵμναβ Pπ;ν Pππ;α ϵβ ðλππ ; Pππ Þ

2
⋆;
A
ð4Þ
mπ ππ;πγ

where Aππ;πγ⋆ ðE⋆ππ ; Q2 Þ is a Lorentz scalar and ϵβ is the
polarization vector of the P-wave ππ state with λππ being its
helicity.
In the energy region we consider, the transition
amplitude will be sharply peaked due to the ρ pole.
Defining a ρ → πγ ⋆ form factor Fπρ ðE⋆ππ ; Q2 Þ, we may
write the amplitude
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Aππ;πγ⋆ ðE⋆ππ ; Q2 Þ

sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
8π
⋆
sin δ1 ðE⋆ππ Þeiδ1 ðEππ Þ ;
¼ Fπρ ðE⋆ππ ; Q2 Þ
q⋆ππ Γ1 ðE⋆ππ Þ

ð5Þ

which is proportional to the elastic ππ → ππ scattering
⋆
⋆
iδ1
with q⋆ππ ¼
amplitude
Ml¼1
ππ ¼ ð8πEππ =qππ Þ sin δ1 e
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
2
E⋆2
ππ − 4mπ . In Refs. [34,38] it was demonstrated that
2
this parametrization is consistent with the analyticity and
unitarity constraints required in scattering theory. The
presence of the energy-dependent ρ → ππ strong decay
width Γ1 can be understood in the context of an effective
field theory where the rescattering of the final ππ states is
mediated by a fully dressed ρ resonance (see the appendixes of Ref. [38]).
The derivative of the phase shift dδ1 =dE⋆ππ appears in
R—to compute it we use a sensible parametrization for
δ1 ðE⋆ππ Þ, the relativistic Breit-Wigner function [40].
In Fig. 1 we present the computed form factor for three
of the eight ππ energies studied, using the Breit-Wigner
parametrization for the phase shift, where we observe that
both spacelike and timelike Q2 kinematics are sampled. It is
evident that Fπρ ðE⋆ππ ; Q2 Þ has only a mild dependence on
E⋆ππ , with the sharply peaked resonant behavior having
been captured by the sin δ1 ðE⋆ππ Þ factor in Eq. (5).
To analytically describe the E⋆ππ and Q2 dependence of
the form factor we introduce an ansatz
h½fα;βg ðE⋆ππ ;Q2 Þ ¼

α1
þ α3 Q2 þ α4 Q4
2
1 þ α2 Q2 þ β1 ðE⋆2
ππ − m0 Þ

2
þ α5 exp½−α6 Q2 − β2 ðE⋆2
ππ − m0 Þ
2
⋆4
4
þ β3 ðE⋆2
ππ − m0 Þ þ β4 ðEππ − m0 Þ;
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where the parameters αi and βi are to be fitted and the
constant m0 is fixed to 2.1805mπ to coincide with the real
part of the ρ mass. To fit the form factor, we vary the form
being used by setting a subset of these coefficients to zero
and thus consider over 15 different fit functions. We also
consider fits where the points in the timelike Q2 region are
excluded. From all fits performed, we retain only those that
have a χ 2 =DOF ≤ 1.5, and we find that no fit lacking E⋆ππ dependent terms satisfies this. The bands shown in Fig. 1
reflect the parametrization variation as will the uncertainties
on all quantities quoted below.
With an analytic description of the E⋆ππ dependence of
the form factor, we may analytically continue to the ρ pole
at E⋆ππ ¼ ½2.1805ð32Þ − i0.0151ð5Þmπ . The Q2 dependence of the resulting form factor is shown in Fig. 2, with the
small imaginary part reflecting the fact that the ρ resonance
in this calculation is unstable, but with a small hadronic
width—as the pion mass is decreased in future lattice
calculations [26], the width will increase and with it the
imaginary part of the form factor.
The transition amplitude Aππ;πγ⋆ follows from Eq. (5),
where the phase is fixed up to an overall sign by Watson’s
theorem to be the ππ → ππ phase shift. The remaining sign
only has meaning in comparison to other transition amplitudes,
and consequently, we need only present the absolute value of
Aππ;πγ⋆ . In Fig. 3 we plot mπ jAππ;πγ⋆ j as a function of E⋆ππ for
two values of Q2 . This figure illustrates that as the ππ energy
approaches the ρ pole, the transition amplitude is dynamically
enhanced by the resonance as one would expect. The resonant
behavior, as a function of E⋆ππ , arises solely from the R factor in
Eq. (2); it is not due the parametrization in Eq. (5), which
simply serves as the definition of the form factor.
From Eq. (4), one may readily obtain the π þ γ → π þ π 0
cross section in terms of the reduced amplitude Aππ;πγ⋆
evaluated at Q2 ¼ 0,

E;1r/m1r
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undetermined imaginary component of the form factor.
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σðπ þ γ → π þ π 0 Þ ¼ α

q⋆ππ q⋆πγ
2
jAππ;πγ⋆ ðE⋆2
ππ ; 0Þj ;
m2π

ð7Þ

where q⋆ππ ; q⋆πγ are the c.m. relative momenta. In Fig. 4 we
plot this as a function of the c.m. energy. That the peak
cross section for mπ ∼ 400 MeV is significantly larger than
phenomenological parametrizations of the physical cross
section [44,45] can be easily understood: near the resonance we have
lim σðπ þ γ → π þ π 0 Þ ∝
⋆

Eππ →mρ

q⋆πγ F2πρ ðmρ ; 0Þ
;
m2π Γ1 ðmρ Þ

and the q⋆πγ F2πρ ðmρ ; 0Þ=m2π ratio we find to be approximately
60% of the experimental value, and we expect this to vary
only slowly with changing quark mass. On the other
hand, the width of the ρ resonance when mπ ∼ 400 MeV,
12.4(6) MeV [42], is approximately 12 times smaller than
m" "'J400MeV
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FIG. 4 (color online). The top panel shows the π þ γ → π þ π 0
cross section as a function of the ππ c:m: energy. The lower panel
shows the elastic l ¼ 1 scattering cross section. One observes near
the resonance the enhancement of the π þ γ → π þ π 0 cross section.
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the experimental width [46], scaling as expected for an
approximately quark mass independent coupling gρππ with
reduced P-wave phase space. This suggests that as future
calculations are performed with quark masses closer to their
physical values, and as the ρ resonance becomes broader
[26], the π þ γ → π þ π 0 cross section will decrease by an order
of magnitude. For comparison, in Fig. 4 we plot the l ¼ 1
π þ π 0 elastic cross section, whose factor of 5 kinematic
enhancement with respect to the experimental determination
(see, for example, Ref. [47]) can be understood by the 1=q⋆2
dependence in the vicinity of the resonance.
Final remarks.—We have presented the first determination of a resonant radiative transition amplitude from
QCD. This exploratory study of ππ → πγ ⋆ , although
performed with unphysically heavy light quarks, serves
as a proof of principle that hadronic transition processes
involving resonating few-body states can be rigorously
studied using lattice QCD. We have demonstrated how
from this amplitude, by analytically continuing to a pole in
the complex energy plane, one may obtain the ρ → πγ ⋆
form factor where the ρ is treated as an unstable resonance,
and have also obtained the π þ γ → π þ π 0 cross section, and
discussed how we expect the results to change in future
calculations using lighter quark masses.
Closely related techniques can be implemented in future
studies of hadron structure and weak decays. As well as the
obvious extension into the single baryon (e.g., γ ⋆ N →
N ⋆ → Nπ) and two baryon sector (e.g., dγ ⋆ → np [48]),
there are processes important for testing the limits of the
standard model such as B → Kπlþ l− [49,50], where the
Kπ system is known to resonate.
Having demonstrated in this work the feasibility of
studying the radiative transition of two-body hadronic
resonances directly from QCD, future studies will focus
on the extension of this work. The technology for studying
transition amplitudes with any number of open two-body
states has been already developed [38,39] and here we have
tested it in the case where there is only one channel open.
Future calculations will accommodate similar processes
involving resonances that decay strongly to more than one
hadronic state, for example Kγ ⋆ → K ⋆ → Kπ=Kη [24,25]
and πγ ⋆ → ρ⋆ → ππ=K K̄ [26]. Furthermore, given the
recent and exciting theoretical development for the study
of three strongly interacting particles via lattice QCD
[20–23], we can also expect electromagnetic transition
amplitudes involving three or more hadrons (e.g.,
Nγ ⋆ → N ⋆ → Nππ).
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